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We discuss several features of the propagation of perturbations in nonlinear scalar field theories
using the effective metric. It is shown that the effective metric can be classified according to whether
the gradient of the scalar field is timelike, null, or spacelike, and this classification is illustrated with
two examples. We shall also show that different signatures for the effective metric are allowed.
PACS numbers: pacs
INTRODUCTION
It has been known for some time that the propagation of the excitations of nonlinear field theories in a given
background is governed by an effective metric that depends on the background field configuration and on the details
of the non-linear dynamics (see [1] for a review). The perturbations in systems such as moving fluids, Bose-Einstein
condensates, superfluids, and nonlinear electromagnetism, to mention a few [28] evolve in a curved effective spacetime
different from the background geometry (which can even be Newtonian). Among other developments, the effective
metric led to the construction of analog models of gravity, which imitate the kinematical properties of gravitational
fields [29], and to insights on the possibility of understanding gravity as an emergent phenomenon [3].
Being dependent on the background field (as well as on the details of the nonlinear theory), it is logical to expect
that the effective metric could be classified in different types, according to the background. We have shown that this
is indeed the case in nonlinear theories for the electromagnetic field in [22], where we showed that only two types
of effective metrics are possible in this case. This was achieved by using the dependence of the effective metric on
the energy-momentum tensor of the background along with the Segre` classification of the latter. Here we continue
along this line with the analysis of the effective geometry in the case of nonlinear scalar field theories. These theories
have been intensively studied in the last ten years to account for inflation [5] (and alternatives to it, see for instance
[6], [7]), to model dark energy [8], and to unify dark matter and dark energy [9]. These applications paved the way
for the discussion of other issues, such as topological defects [10], collapse [11], the possibility of signals escaping
from the interior of a black hole [12], and the formation of haloes of dark energy [13]. Typically, in all these works
a noncanonical kinetic term is involved, which also plays an important role in ghost condensation [14] and Galileon
fields [15].
After the introduction, we show that the different possibilities for the effective metric are specified by the character
of the gradient of the field (i.e. spacelike, timelike, or null). Some examples of solutions of nonlinear scalar field
theories already studied in the literature are also examined from the point of view of this classification. In all these
sections, it was assumed that there is a lower bound for the Hamiltonian of the system (thus guaranteeing the stability
of the theory), which translates in LW > 0 (see for instance [25]). It was also assumed that the field equations are
hiperbolic, which entails that the Cauchy problem is well-posed in the sense of Hadamard (that is, when a unique
solution exists and depends continuously upon the data). Since, as we shall see below, it is the effective metric that
sets the type of partial differential equation describing the background field, in Sec. we shall lift the requirement of
hyperbolicity, and discuss what types of equation are possible, with the corresponding signature. We close with some
comments.
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2SCALAR FIELDS IN CURVED SPACETIMES
Let us begin by recalling some properties of the propagation of a test real scalar field in a given Riemannian and
globally hyperbolic spacetime M, endowed with a metric tensor gµν , with signature (+,−,−,−). From the action
S =
∫ √−g L(φ,W ) (1)
where the lagrangian density L(φ,W ) is a real function of the field φ and W ≡ ∇µφ∇µφ, we obtain the equation of
motion ∇µ (LW∇µφ) = 12Lφ, with Lx ≡ ∂L/∂x. This equation can be written as
{LW gµν + 2LWWφµν}∇µ∇νφ+ LφWφαα −
1
2
Lφ = 0, (2)
where φµν ≡ ∇µφ∇νφ to simplify notation. As the principal part of the equation is linear in the second derivatives it
constitutes a second order quasi-linear partial differential equation. The propagation of small excitations of the field
around a given known background solution can be studied by means of the eikonal approximation for the field, that
is
φ(x) = φ0(x) + (x)exp[−iΣ(x)], (3)
where φ0(x) is an exact solution of the equation of motion (2), (x) a slowly varying infinitesimal amplitude and Σ(x)
a rapidly varying phase. Defining kα ≡ ∇αΣ and retaining only the phase gradients, we obtain the well known result
that the field excitations satisfies a dispersion relation of the form [19]
gˆµνkµkν = 0, (4)
where gˆµν is given by
gˆµν ≡ (LW gµν + 2LWWφµν)|0 , (5)
and the subindex 0 means that all the quantities are evaulated at a given background solution φ0.
At a given point of spacetime, the set of all possible vectors {kα} satisfying Eqn.(4) determines a three-dimensional
surface with the topology of a cone. It is common to identify gˆµν(x) as the contravariant components of an effective
Riemannian metric in which the gradient kα is a null vector. It is possible to show that the “scalar rays” are described
by the null geodesics of this metric, while the same rays are accelerated curves with respect to the background
spacetime M. Let us analyze some basic properties of Eqn.(4), by taking gˆµν as a field defined in the background
M with metric gµν . If det(gˆµν) 6= 0, it is possible to define the inverse object gˆµν , such that gˆµαgˆαν = δµν . A
straightforward calculation shows that the inverse matrix gˆµν is given by
gˆµν = agµν + bφµν , (6)
where
a =
1
LW , b = −
2LWW
LW (LW + 2LWWW ) . (7)
It is convenient also to define the object qµ ≡ gˆµνkν , dual to the gradient kν . From Eqn.(4) it is seen that qµ and kµ
are orthogonal vectors i.e. qµ is tangent to the surfaces Σ = const. It also follows that
gˆµνq
µqν = 0. (8)
Although relations (4) and (8) seem to encompass the same properties, the objects kµ and qµ have complementary
physical/geometrical meaning. In fact, equations (4) and (8), determine two types of conoid structures at the tangent
space Tp for each spacetime point p. The first one, determined by {kµ} (normal vector), is called the “normal cone”,
while the other, spanned by {qµ} (tangent vector) is called the “characteristic cone”. Since the objects gˆµν and gˆµν
vary from point to point, the two cones may acquire different geometrical/topological properties. In this sense, the
propagation properties of the nonlinear theory described by the action (1) is determined by two types of cone fields.
3ALGEBRAIC STRUCTURE OF φµν
The effective metric given in Eqn.(6) depends of the object φµν . We shall see next that the properties of the
mixed object φµ ν not only determine the type of the quasi-linear partial differential equation (2), but also the basic
properties of the effective geometry gˆµν . it is easily seen that Eqn. (2) can be rewritten as
gˆµνφ,µ,ν + ... = 0 (9)
where the dots stand for terms involving only first order derivatives of and algebraic terms in φ. Thus, the principal
part of the differential equation is entirely determined by the contravariant components of the effetive metric. The
eigendirections of φµ ν are given by the equation
Φ~ξ = λ~ξ, (10)
where the components of the matrix Φ are defined as Φ
.
= φµν and
~ξ is an eigenvector associated to the eigenvalue λ.
The characteristic equation, given by det(Φ − λ1) = 0, can be evaluated using the expression Tr Φn = Wn (where
n > 0 is a natural number) and the Cayley-Hamilton theorem. The result is
λ3(λ−W ) = 0, (11)
showing that there are two different possible eigenvalues λ1 = W and λ2 = 0 with multiplicities one and three,
respectively.
In the following we shall use {Xµ} and {Y µ} as the sets of eigenvectors associated with the eigenvalues λ1 and λ2
respectively, thus yelding
(φ,νX
ν)φ,µ = WXµ, (12)
(φ,νY
ν)φ,µ = 0. (13)
From Eqn.(12) it is seen that, for W 6= 0, there exists a single direction associated to the eigenvalue λ1. This direction
is determined by the field gradient φ,µ. We will consider next the three possible cases according to the nature of the
gradient φ,µ, i.e. timelike, lightlike and spacelike. We shall be specially interested in the null eigenvectors of Φ since,
as it will be shown below, they are associated with special types of propagation.
• When W > 0, Eqn.(12) guarantees that a given Xµ is proportional to the gradient φ,µ, implying that it is
timelike i.e. XµXµ > 0. From Eqn.(13) we see that Y
µ and Xµ aree orthogonal. Thus, any vector contained in
the three-space H orthogonal to the gradient is an eigenvector Y µ with eigenvalue λ2. This leads to a degenerate
structure where an infinite set of vectors corresponds to the same λ. By choosing a linearly independent triad
of orthonormal vectors Y µ(i) (i = 1, 2, 3) in the space H together with the first eigenvector Xµ (XµXµ = 1) as a
basis, it is possible to diagonalize the matrix Φ. Note that, in this special case, the algebraic structure of Φ is
such that it does not admit any null eigenvector.
• In the case of a lightlike gradient (W = 0), λ1 and λ2 are both zero. A straightforward calculation shows
that the sets {Xµ} and {Y µ} are both determined by all possible vectors orthogonal to φ,µ. This unique set
constitutes a three dimensional vector space. It does not admit any timelike element and it has only one null
principal direction, which is proportional to the gradient φ,µ itself. It is important to emphasize that, although
a symmetric linear operator can always be diagonalizad in a space with positive definite metric, this is not the
case in a space with Lorentzian signature. In fact, because a linearly independent set of eigenvectors of Φ does
not exist in the case under scrutiny, it is not possible to diagonalize the matrix Φ [30].
4• When W < 0, a simple inspection of Eqn.(12) shows that XµXµ < 0. In turn, Eqn. (13) implies that the
set {Y µ} is determined by vectors orthogonal to a given Xµ. Neverthless, the resultant three-space H has
Lorentzian signature (because it is orthogonal to a spacelike vector). Hence, it contains timelike directions. By
choosing a linearly independent triad of orthonormal vectors Y µ(i) (i = 0, 1, 2) in H such that gµνY µ(0)Y ν(0) = 1 and
gµνY
µ
(j)Y
ν
(j) = −1 (j = 1, 2) together with Xµ (XµXµ = 1) as a basis, it is possible to bring Φ to a diagonal form.
Notice that although this last case seems to be similar to the case in which W > 0, the Lorentzian signature of H
leads to the existence of null eigenvectors. In fact, there exists an infinite number of null eigeinvectors of Φ that
belong to the two-dimensional subspace of H defined by the equation Y µYµ = 0. We shall see that these vectors will
play an important role in the propagation properties in a background field with a spacelike character.
THE CONE FIELD AND THE HYPERBOLIC REGIME
We now restrict to the hyperbolic case, in which the three-dimensional surface given by Eqn.(8) coincides with
the characteristics of Eqn.(2). The different types of φµ ν determine whether the new characteristics intersect the
usual light cones of Minkowski geometry. These intersections are of interest since along them the propagation of the
excitations is unaffected by the background field. Let us study them in detail, begining with a simple lemma related
to the structure of the characteristic cone at a given point and its relation to the background light cone.
Lemma: At a given point P of the background spacetime M, a characteristic vector qµ intersects the light cone of
the background only if it is a null eigenvector of the tensor φµν .
Proof: To intersect the light cone, the characteristic vector qµ must satisfy at P the relations
gµνq
µqν = 0, 2LWW (φ,µqµ)2 = 0. (14)
Now, the second relation holds only if LWW = 0 or φ,µqµ = 0. The first case is trivial since if LWW = 0, the new
characteristic coincides the light cones of the linear theory. We thus impose that LWW 6= 0 and φ,µqµ = 0, i.e qµ is
a null eigenvector of Φ and belongs both to the background light cone and the characteristic cone.
We investigate next what types of characteristics are allowed for each type of field. The definitions ∇µφ ≡ (φ˙,−~∇φ)
and qµ ≡ (q0, ~q) will be used below.
Time-like field
This is by far the most simple and familiar situation since the symmetries of the observed universe according to the
standard cosmological model impose that W > 0. In an orthogonal frame such that ∇µφ = √Wδµ0 we obtain that
the new “cones” are described by
c−2s
[
(q1)2 + (q2)2 + (q3)2)
]
= (q0)2, (15)
where the ”velocity of sound” cs is given by
c−2s ≡
~q.~q
(q0)2
=
LW
LW + 2LWWW
Eqn.(15) shows that the two-dimensional surfaces obtained by setting q0 =const. are centered spheres, which may
be interpreted as the wave fronts for the scalar field as seen by an observer at rest with the background field φ0. We
note also that the excitations travel with the same velocity in all directions with respect to this frame. Neverthless,
because in this case φµν does not admit null eigenvectors, according to the lemma above, there are no intersections
between the new characteristic cone and the background light cones (this is also seen directly from Eqn.(15)). Finally,
note that there will be faster than light propagation if LWW < 0.
5Null field
Although we have not been able to find in the literature a discussion of null fields in this context, they are important
mainly because of two reasons: 1) they describe transition regions of the background solutions that admit both timelike
and spacelike gradients ∇µφ; 2) they represent exact plane wave solutions of the field equations when the Lagrangian
is not an explicit function of φ.
With respect to an orthogonal basis, where ∇µφ = A(1, 1, 0, 0), we obtain after a straightforward calculation the
covariant effective metric
gˆµν =
1
L2W

LW − 2LWWA2 2LW 0 0
2LW −LW − 2LWWA2 0 0
0 0 −LW 0
0 0 0 −LW
 (16)
Using Eqn.(6), we obtain that the characteristic cone satisfies(LW + 2LWWA2) (q1)2 + LW [(q2)2 + (q3)2]− 4LWWA2q0q1 = (LW − 2LWWA2)(q0)2. (17)
It follows that only vectors of the type qµ ∝ ∇µφ satisfiy this equation and at the same time are null with respect to
the background metric. This means that the characteristics of the nonlinear scalar field intersect the light cone of the
background spacetime along one single spacetime direction given by the gradient ∇µφ.
Space-like field
By choosing an orthonormal basis with the third axis pointing along ~∇φ it is possible to write the equation of the
characteristic surface at a point P as [
(q1)2 + (q2)2
]
+ c2s(q
3)2 = (q0)2 (18)
with w < 0. Hence, there exists different velocities of propagation associated to each axis. We obtain
c2s,1 = 1, c
2
s,2 = 1, c
2
s,3 = c
2
s. (19)
Thus, along directions orthogonal to the spacelike gradient ∇µφ the scalar excitations propagate with the velocity of
light. If c2s > 1 there exist at least one direction where tachionic trajectories are allowed. In general, if ~q denotes an
arbitrary direction in the three-space the “velocity of sound” is
v2s(θ) =
{
1 + (c2s − 1) cos2θ
}
, (20)
where θ is the angle between ~q and ~∇φ.
Examples
We shall illustrate next the classification given above with two examples coming from a generalized Dirac-Born-Infeld
(DBI) scalar model, with action given by
S =
∫ [
1− (1 + U(φ))√1−W
]
d4x, (21)
where a mass scale has been set equal to one, and the function U(φ) acts as a potential in the low-energy limit [23].
6Static background (W < 0)
As shown in [23], given a canonical scalar field theory with a positive semidefinite potential V (φ) which enables
domain wall solutions, there exists a choice for U(φ) in the theory defined by Eqn.(21), given by
U(φ) = −1 +
√
1 + 2V (φ), (22)
which yields domain walls of the same field profile and energy density. Then, by choosing V (φ) = λ4 (φ
2 − v2)2, the
theory described by the action given in Eqn.(21) with U given by Eqn.(22) has a domain wall solution of the form
φ(z) = v tanh
(√
λ
2
v(z − z0)
)
. (23)
The gradient of this background solution is space-like, and the associated effective metric can be calculated from
Eqn.(5). The relevant components are
gˆtt =
1 + U(φ)
2
(1−W )−1/2 , (24)
gˆzz = −1 + U(φ)
2
(1−W )−3/2 , (25)
with U(φ) = −1 +
√
1 + λ2 (φ
2 − v2)2, and W = −λv42 cosh−4
(
v
√
λ
2 t
)
. The lightcone structure associated to this
effective metric is shown in Fig.(1).
FIG. 1: The lightcones of the high-energy perturbations for the DBI scalar model are given by the intersections of
the geodesics of the effective metric. The domain wall - in yellow - was plotted by assuming that the field has a linear
dependence with z in the region of spacetime where φ is appreciably different fromits limiting values. The values
v =
√
2 and λ = 1 were used in the plot.
7It is seen that the lightcones concide with those of the Minkowskian geometry far from the wall, and get thinner
inside it, signaling that high-energy perturbations propagate sub-luminally there. We also see that the propagation in
the directions x and y is not affected by the wall, in accordance with Eqn.(19). The time spent by a given perturbation
inside the wall depends on the parameters of the potential, but the wall cannot trap the high-energy perturbations
(as also shown in [23]).
Dynamical background (W > 0)
If the background field φ0 is such that φ0 = φ0(t), the equation of motion (2) can be written as[
φ¨(LW + 2LWW φ˙2)− 1
2
Lφ
]
0
= 0. (26)
Time-dependent solutions can only be valid approximately, as in the case of the zero mode of a vibrating string with
fixed ends, if we restric to the region near the center of the string. By imposing that the solution be oscillatory,
φ0 = φc sin(ωt), (27)
(with φc a constant) in Eqn.(26) and using the lagrangian given in Eqn.(21), we get that this solution is possible for
the potential
V (φ) = −1 + V0 exp
{
−ω
2
4
(φ2c − φ2)
[
2 + ω2(φ2c − φ2)
]}
, (28)
where V0 is a constant. This potential is regular for every value of φ, displays two symmetric peaks separated by a
minimum, and goes to zero for large absolute values of the field.
For the oscillatory background solution given by Eqn.(27), the effective metric is
gˆ00 =
1 + V
2
1 + 2W
(1−W )3/2
∣∣∣∣
0
, gˆ11 = gˆ22 = gˆ33 = − 1 + V
2
√
1−W
∣∣∣∣
0
. (29)
Using the potential in Eqn.(28), the following equation is obtained for the rays:
dx
dt
= ±
√
1 + 2ω2φ20 cos
2(ωt)
1− ω2φ20 cos2(ωt)
, (30)
Notice that there is a nonzero conformal factor in the metric given in Eqn.(29), which cancels out in this equation.
The following plot shows some of the rays.
8FIG. 2: Lightcones of the high-energy perturbations for the DBI theory in the case of time-dependent solutions. The
values ω = 1 and φc = 1/
√
2 were used in the plot.
We see that along with the modification of the lightcones, the oscillatory background focuses and defocuses the rays
in a periodic manner and, in accordance with Eqn.(15), the lightcones oscillate bewteen those of Minkowski spacetime
and the “external” light cones, which set the maximal velocity for super-luminal propagation at each spacetime point.
EFFECTIVE SIGNATURES AND BACKGROUND FIELD TYPES
We have mentioned before that the type of the quasi-linear equation (9) depends on the signature of the matrix
gˆµν , and the inverse of this object is responsible for the causal properties of the theory given by the action (1). This
is because the characteristic cone is entirely determined by the set of vectors {qµ} that satisfy the relation given
in Eqn.(8). It will be shown in this section that by lifting the requirement of hyperbolicity of the field equations
[31], nonlinearities allow different signatures for the effective metric. We shall also show that the admissible effective
signatures depend strongly on the background field type [32].
Let us begin by the investigation of some properties of the object gˆµν by means of its relationship with the tensor
Φ defined above. It is convenient to introduce the mixed object Gˆ
Gˆ ≡ gˆµαgαν = LW1+ 2LWWΦ. (31)
At a given point of the manifold M, Gˆ can be thought as a linear map of the tangent space Tp onto itself. It is
immediate to see that if ~ξ is an eigenvector of Φ with eigenvalue λ it will also be an eigenvector of Gˆ with eigenvalue
γ = LW + 2LWWλ. The two possibilities are, thus
γ1 = LW + 2LWWW, γ2 = LW . (32)
As discussed in the previous sections, there are three possible types of algebraic structures for the object φµν . We
shall analyze next the structure of Gˆ for each of these.
9Time-like field (W > 0)
This is the simplest situation from the algebraic point of view. In terms of the orthonormal basis Xµ and Y µ(i)
defined in case 1 of Section , Gˆ can be written as:
Gˆ = diag(γ1, γ2, γ2, γ2), (33)
with the eigenvalues γ1 and γ2 given by Eqn.(32).
By choosing at a given point of M a local cartesian system, i.e gµν(P ) = ηµν , the contravariant effective metric
gˆµν can be written as
gˆµν = diag(γ1,−γ2,−γ2,−γ2) (34)
Thus, depending on the Lagrangian density L(φ,w) under investigation, the following possibilities for the signature
are allowed in the case W > 0:
γ1 γ2 PDE type signature neff
+ > Hyperbolic +−−− 4
0 > Parabolic −−− 3
− > Elliptic −−−− 4
Notice that from the diagonalized form of the metric given in Eqn.(34) it follows that are three possible types of PDE
regimes. Since we are considering only stable theories, these types are determined by the sign of γ1. We see also that
the differential equation for the field is hyperbolic if γ1 is positive and elliptic if γ1 is negative. The first situation
leads to an effective spacetime with a Lorentzian signature while the second leads to an Euclidean effective spacetime,
endowed with not three but four spacelike directions.
If γ1 vanishes, the equation becomes of parabolic type. It seems that in this special regime the effective dimension
neff is reduced and the emergent spacetime is three-dimensional. This suggests that the parabolic regime may be
related to prohibited regions for the excitation propagation.
Null field
We start with a Lorentz frame at a given point of Minkowski spacetime and with a field gradient such that
φ,µ = (1, 1, 0, 0). With respect to this frame, Gˆ has the form
Gˆ =

LW + 2LWW −2LWW 0 0
2LWW LW − 2LWW 0 0
0 0 LW 0
0 0 0 LW
 (35)
The non-diagonal terms are present because the matrix Φ does not admit a complete set of eigenvectors. Thus, we
cannot obtain a diagonal representation of the effective metric gˆµν simply raising the operator Gˆ with the background
metric ηµν . Neverthless, we can perform a coordinate transformation such that the resultant effective metric is of the
form
gˆµν = diag(γ+, γ−,−γ2,−γ2) (36)
with γ± ≡ 2LWW ±
√
4L2WW + L2W and γ2 = LW . Now, because γ+ > 0 and γ− < 0, the signature depends only on
the sign of γ2. Because we are assuming that γ2 > 0 we now we have only one possibility, summarized as follows:
10
γ2 PDE type signature neff
> Hyperbolic +−−− 4
Thus, if the background field is such that its gradient is lightlike everywhere, both the partial differential equation
and the effective spacetime signature are globally hyperbolic. This analogue spacetimes are particularly important if
one is interested to study the interaction of nonlinear scalar waves.
Space-like field
This field type imply an interesting spectra of possibilities for the effective metric. Because the eigenvector Xµ is
spacelike, there exist an orthonormal coordinate system at any point P such that Gˆ has the diagonal form
Gˆ = diag(γ2, γ2, γ2, γ1) (37)
with γi, (i = 1, 2) given by Eqn.(32). Multiplication of Gˆ with η
µν leads to the following components for the
contravariant effective metric gˆµν = diag(γ2,−γ2,−γ2,−γ1). and to the following combinations:
γ1 γ2 PDE type signature neff
> > Hyperbolic +−−− 4
= > Parabolic +−− 3
< > UltraHyp. + +−− 4
In this case there are also three possibilities, governed by the sign of the eigenvalue γ1. If γ1 is positive, again we have a
hyperbolic regime for the PDE while if it vanishes we obtain a parabolic regime. From this point of view the situation
is quite similar to that one studied in the case of a time-like field. Nevertheless when the eigenvalue is negative we
do not obtain an elliptic equation anymore. In contrast, we obtain an ultrahyperbolic equation governing the field.
Thus, the effective spacetime is such that its signature is of the form (+ + −−), indicating that we should have an
additional emergent timelike dimension. Although from the mathematical point of view, the issue of satisfactory
initial or bounday conditions for ultrahyerbolic equations is not understood, physics with two time dimensions has
been studied in several articles [27].
To close this section we would like to remark that the condition for the hiperbolicity of the PDE is the same for
all three types of background fields. In fact, if γ1 > 0 it is automatically guaranteed that the theory is governed by
hyperbolic equations independently of the background, a condition that was already pointed out in [25].
DISCUSSION
Nonlinear scalar field theories have been repeatedly used to model physical phenomena, particularly in Cosmology
and Astrophysics. We have discussed in detail the features of the propagation of the high-energy perturbations in
these theories, which is governed by the effective metric. We have shown that the effective metric can be classified in
three classes, according to whether the gradient of the background scalar field is spacelike, null, or timelike. Examples
of some of these types were examined, and the results were shown to be in agreeement with the classification.
In the second part of the paper, we have discussed the possibility of signature changes of the effective metric, due
to the change in character of the differential equation obeyed by the background field. Depending on the different
possibilities for the gradient of the backgroundd field, it was shown that the partial differential equation for the
background field can be hyperbolic, parabolic, elliptic, or ultra-hyperbolic. Some interestig cases arise, such as an
effective spacetime with one dimension less than the background, or with two time-like dimensions, and will be studied
in a future publication.
11
Acknowledgements
SEPB would like to acknowledge support from CNPQ, and ICRANet-Pescara. Both authors acknowledge support
from FAPERJ.
∗ Electronic address: egoulart2@gmail.com
† Electronic address: sepbergliaffa@gmail.com
[1] Analogue gravity, Carlos Barcelo, Stefano Liberati, Matt Visser, Living Rev.Rel.8:12,2005, gr-qc/0505065.
[2] Beyond Analog Gravity: The Case of Exceptional Dynamics, M. Novello, E. Goulart, 1102.1913 [gr-qc].
[3] See for instance Einstein Gravity as an emergent phenomenon?, C. Barcelo, M. Visser, S. Liberati, Int.J.Mod.Phys. D10
(2001) 799-806, gr-qc/0106002.
[4] Analog gravity from field theory normal modes?, C. Barcelo, S. Liberati, M. Visser, Class. Quant. Grav. 18, 3595 (2001),
gr-qc/0104001.
[5] C. Armendariz-Picon, T. Damour, and V. F. Mukhanov, Phys. Lett. B458, 209 (1999), hep-th/9904075, Preheating with
the Brakes On: The Effects of a Speed Limit, J, Karouby, B. Underwood, A. C. Vincent, 1105.3982 [hep-th],
[6] Tachyacoustic Cosmology: An Alternative to Inflation, D. Bessada, W. H. Kinney, D. Stojkovic, J. Wang, Phys.Rev. D81
(2010) 043510, 0908.3898 [astro-ph.CO].
[7] A toy model of a fake inflation, M. Novello, E. Huguet, J. Queva, Phys. Rev. D 73, 123531 (2006), astro-ph/0604475.
[8] See for instance T. Chiba, T. Okabe, and M. Yamaguchi, Phys. Rev. D62, 023511 (2000), astro-ph/9912463, C.
Armendariz-Picon, V. F. Mukhanov, and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000), astroph/ 0004134, A. D.
Rendall, Class. Quant. Grav. 23, 1557 (2006), grqc/ 0511158, Attractor scenarios and superluminal signals in k-essence
cosmology, Jin U. Kang, V. Vanchurin, S. Winitzki, Phys.Rev. D76 (2007) 083511, 0706.3994 [gr-qc],
[9] R. J. Scherrer, Phys. Rev. Lett. 93, 011301 (2004), astro- ph/0402316, Generalizing a Unified Model of Dark Matter,
Dark Energy, and Inflation with Non Canonical Kinetic Term, J. De-Santiago, Jorge L. Cervantes-Cota, Phys.Rev. D83
(2011) 063502, 1102.1777 [astro-ph.CO].
[10] Global topological k-defects, E. Babichev, Phys.Rev. D74 (2006) 085004, hep-th/0608071, Gravitating global k-monopole,
Xing-hua Jin, Xin-zhou Li, Dao-jun Liu, Class.Quant.Grav. 24 (2007) 2773, 0704.1685 [gr-qc], Compact-like kinks and
vortices in generalized models, D. Bazeia, E. da Hora, R. Menezes, H.P. de Oliveira, C. dos Santos, Phys.Rev. D81 (2010)
125016, 1004.3710 [hep-th], Localized D-dimensional global k-defects, P.P. Avelino, D. Bazeia, R. Menezes, Eur.Phys.J.
C71 (2011) 1683, 1007.1457 [hep-th].
[11] Gravitational collapse of k-essence, R. Akhoury, D. Garfinkle, R. Saotome, JHEP 1104 (2011) 096, 1103.0290 [gr-qc].
[12] k-Essence, superluminal propagation, causality and emergent geometry, E. Babichev, V. Mukhanov, A. Vikman, JHEP
0802 (2008) 101, 0708.0561 [hep-th].
[13] Haloes of k-essence, C. Armendariz-Picon, Eugene A. Lim, JCAPA,0508,007.2005 0508 (2005) 007, astro-ph/0505207.
[14] N. Arkani-Hamed, H. C. Cheng, M. A. Luty, and S. Mukohyama, J. High Energy Phys. 05 (2004) 074.
[15] A. Nicolis, R. Rattazzi, and E. Trincherini, Phys. Rev. D 79, 064036 (2009).
[16] Relativity: the special theory, J. L. Synge, Amsterdam: North-Holland Publ. Co. (1956).
[17] The classical theory of fields, L. D. Landau and E. M. Lifshitz, Course of Theoretical Physics, Volume 2, 4th english edition
(2005).
[18] Refringence, field theory, and normal modes, Carlos Barcelo, Stefano Liberati, Matt Visser, Class.Quant.Grav.19:2961-
2982,2002, gr-qc/0111059.
[19] Extended Born-Infeld dynamics and cosmology, M. Novello, Martin Makler, L.S. Werneck, C.A. Romero,
Phys.Rev.D71:043515,2005, astro-ph/0501643.
[20] Hadamard,
[21] Birefringence versus bimetricity, Matt Visser, Carlos Barcelo, Stefano Liberati, Contribution to the Festschrift in honor of
Mario Novello, gr-qc/0204017. EDITORIAL!!
[22] A Classification of the effective metric in nonlinear electrodynamics, Erico Goulart de Oliveira Costa, Santiago Esteban
Perez Bergliaffa, Class. Quant. Grav. 26 (2009) 135015, 0905.3673 [gr-qc].
[23] Distinguishing k-defects from their canonical twins, Melinda Andrews, Matt Lewandowski, Mark Trodden, Daniel Wesley,
Phys.Rev. D82 (2010) 105006, 1007.3438 [hep-th], Twinlike Models in Scalar Field Theories, D. Bazeia, J.D. Dantas,
12
A.R. Gomes, L. Losano, R. Menezes, 1105.5111 [hep-th].
[24] See for instance Classical Theory of Gauge Fields, Valery Rubakov, Princeton University Press (2002).
[25] Superluminal Behavior, Causality and Instability, Y. Aharonov, A. Komar, L. Susskind, Phys. Rev. 182, 1400 (1969).
[26] R.M. Wald, J. Math. Phys. 21, 2802 (1980), A. Ishibashi and R.M. Wald, Class. Quantum. Grav. 20, 3815 (2003), A.
Ishibashi, R. M. Wald, Dynamics in non-globally-hyperbolic, static space-times : III. Anti-de-Sitter spacetime, Class.
Quantum Grav., 21 (2004), 29813013.
[27] See for instance Survey of two time physics, I. Bars, Class.Quant.Grav. 18 (2001) 3113-3130, hep-th/0008164.
[28] See [1] for a complete list.
[29] See however ref.[2] for a case in which it is possible to go beyond the kinematics.
[30] Note that a similar situation occurs in the study of the energy-momentum tensor of null electromagnetic fields (see, for
instance [16, 17])
[31] The condition LW > 0 being still valid.
[32] It is important to note that in some cases the dynamics of a field theory can be uniquely defined even in the absence of
hyperbolicity. See for instance the series of papers by Wald and Ishibashi where the evolution of a scalar field obeying the
Klein-Gordon equation is defined uniquely in non-globally hyperbolic spacetimes [26].
